In this paper we study the high frequency dynamic of financial volumes of traded stocks by using a semi-Markov approach. More precisely we assume that the intraday logarithmic change of volume is described by a weighted-indexed semi-Markov chain model. Based on this assumptions we show that this model is able to reproduce several empirical facts about volume evolution like time series dependence, intra-daily periodicity and volume asymmetry. Results have been obtained from a real data application to high frequency data from the Italian stock market from first of
Introduction
Studies on market microstructure have acquired a crucial importance in order to explain the price formation process, see e.g. De Jong and Rindi (2009) . The main variables are (logarithmic) price returns, volumes and duration. Sometimes they are modeled jointly and the main approach is the so-called econometric analysis, see e.g. Manganelli (2005) and Podobnik et al. (2009) and the bibliography therein.
The volume variable is very important not only because it interacts directly with duration and returns but also because a correct specification of forecasted volumes can be used for Volume Weighted Average Price trading, see e.g. Brownlees et al. (2011) . This variable has been investigated for long time and several statistical regularities have been highlighted, see e.g. Jain and Joh (1988) .
In this paper we propose an alternative approach to the modeling of financial volumes which is based on a generalization of semi-Markov processes called Weighted-Indexed Semi-Markov Chain (WISMC) model. This choice is motivated by recent results in the modeling of price returns in highfrequency financial data where the WISMC approach was demonstrated to be particular efficient in reproducing the statistical properties of financial returns, see D'Amico and Petroni (2011, 2012, 2014 ). The WISMC model is very flexible and for this reason we decided to test its appropriateness also for financial volumes. It should be remarked that WISMC models generalize semi-Markov processes and also non-Markovian models based on continuous time random walks that were used extensively in the econophysics community, see e.g. Mainardi et al. (2000) and Raberto et al. (2002) .
The model is applied to a database of high frequency volume data from all the stocks in the Italian Stock Market from first of January 2007 until end of December 2010. In the empirical analysis we find that WISMC model is a good choice for modeling financial volumes which is able to correctly reproduce stylized facts documented in literature of volumes such as the autocorrelation function.
The paper is divided as follows: First, Weighted-Indexed-Semi-Markov chains are shortly described in Section 2. Next, we introduce our model of financial volumes and an application to real high frequency data illustrates the results. Section 4 concludes and suggests new directions for future developments.
Weighted-Indexed Semi-Markov Chains
The general formulation of the WISMC as developed in D'Amico and Petroni (2012, 2014) is here only discussed informally.
WISMC models share similar ideas as those that generate Markov processes and semi-Markov processes. These processes are all described by a set of finite states J n whose transitions are ruled by a transition probability matrix. The semi-Markov process differs from the Markov process because the transition times T n where the states change values, are generated according to random variables. Indeed, the time between transitions T n+1 − T n is random and may be modeled by means of any type of distribution functions. In order to better represent the statistical characteristics of high-frequency financial data, in a recent article, the idea of a WISMC model was introduced in the field of price returns, see D'Amico and Petroni (2012). The novelty, with respect to the semi-Markov case, consists in the introduction of a third random variable defined as follows:
where f is any real value bounded function and I λ 0 is known and non-random. The variable I λ n is designated to summarize the information contained in the past trajectory of the {J n } process that is relevant for future predictions. Indeed, at each past state J n−1−k occurred at time a ∈ IN is associated the value f λ (J n−1−k , T n , a), which depends also on the current time T n . The quantity λ denotes a parameter that represents a weight and should be calibrated to data. In the applicative section we will describe the calibration of λ as well as the choice of the function f .
The WISMC model is specified once a dependence structure between the variables is considered. Toward this end, the following assumption is formulated:
Relation (2) asserts that the knowledge of the values of the variables J n , I λ n is sufficient to give the conditional distribution of the couple J n+1 , T n+1 − T n whatever the values of the past variables might be. Therefore to make probabilistic forecasting we need the knowledge of the last state of the system and the last value of the index process. If Q λ (x; t) is constant in x then the WISMC kernel degenerates in an ordinary semi-Markov kernel and the WISMC model becomes equivalent to classical semi-Markov chain models, see e.g. D'Amico and Petroni (2012a) and Fodra and Pham (2015) .
The probabilities Q λ ij (x; t)) i,j∈E can be estimated directly using real data. In D'Amico and Petroni (2017) it is shown that the estimator
is the approached maximum likelihood estimator of the corresponding transition probabilities. The quantity N ij (x; t) expresses the number of transitions from state i, with an index value x, to state j with a sojourn time in state i less or equal to t. The quantity N i (x) is the number of visits to state i with an index value x.
The volume model
Let us assume that the trading volume of the asset under study is described by the time varying process V (t), t ∈ IN. The (logarithmic) change of volume at time t over the unitary time interval is defined by
On a short time scale, Z V (t) changes value in correspondence of an increasing sequence of random times, {T V n } n∈IN . According to the notation adopted in the previous section, we denote the values assumed at time T 
If we assume that the variables (J We assume also that the set E is finite and is obtained by an opportune discretization of the values of the financial volumes. A description of the adopted discretization and of the state space model is described in next section. The choice of a finite state space can be formalized by defining the state space by
Our objective is to demonstrate that a WISMC model for financial volume is able to reproduce some important facts of volume dynamics. One of the most important feature is the persistence of the volume process. As found in Manganelli (2005) , the volume process is strongly persistent for frequently traded stocks. A possible explanations is that the volume is pushed up by the arrival of new information to the market participants and some times is necessary in order to delete the effects of the information arrival. In order to investigate the goodness of the WISMC model we define the autocorrelation of the modulus of volumes as
Another important statistic is the first passage time distribution of the volume process. First we need to define the accumulation factor of the volume process from the generic time t to time t + τ :
We will denote the fpt by
where σ is a given threshold. We are interested in finding the distributional properties of the fpt, that is to compute
Application to real high frequency data
The data used in this work are tick-by-tick quotes of indexes and stocks downloaded from www.borsaitaliana.it for the period January 2007-December 2010 (4 full years). The data have been re-sampled to have 1 minute frequency. Every minutes the last price and the cumulated volume (number of transaction) is recorded. For each stock the database is composed of about 5 * 10 5 volumes and prices. The list of stocks analyzed and their symbols are reported in Table 1 .
In Figures 1 and 2 are shown the trading volume and the logarithmic change of the trading volume for the 4 stocks in the analyzed period.
To model Z V (t) as a WISMC model the first step is to discretize the variable. We choose 5 states of discretization with the following edges: (4) an exponentially weighted moving average (EWMA) of the squares of Z V (t) which has the following expression:
and consequently the index process becomes
The index I V n (λ) was also discretized into 5 states of low, medium low, medium, medium high and high volume variation. Using these definitions and discretizations we estimated, for each stock, the probabilities defined in the previous section by using their estimators directly from real data. By means of Monte Carlo simulations we were able to produce, for each of the 4 stocks, a synthetic time series.
Each time series is a realization of the stochastic process described in the previous section with the same time length as real data. Statistical features of these synthetic time series are then compared with the statistical features of real data. In particular, we tested our model for the ability to reproduce the autocorrelation functions of the absolute value of Z V (t) and the first passage time distribution.
We estimated Σ(τ ) (see equation 5) for real data and for synthetic data and show in Figure 4 a comparison between them for all stocks. For each stock we estimated the percentage root mean square error (RMSE) the results are reported in Table 2 .
It is possible to note that our model is able to reproduce almost perfectly the autocorrelation of the absolute value of the logarithmic volume change stocks.
For each of the stocks in our database we estimate the first passage time distribution directly from the data (real data) and from the synthetic time series generated as described above.
From Figure 5 it is obvious that the WISMC model is also able to reproduce the first passage time distribution of real data. Stock Error F 3.6% ISP 3.2% TIT 3.0% TEN 3.9% Table 2 : Percentage square root mean error between real and synthetic autocorrelation function reported in Figure 4 . 
Conclusions
In this paper we advanced the use of Weigthed-Indexed Semi-Markov Chain models for modeling high frequency financial volumes. We applied the model on real financial data and we shown that the model is able to reproduce important statistical fact of financial volumes as the autocorrelation function of the absolute values of volumes and the first passage time distribution. Further developments will be a more extensive application to other financial stocks and indexes and the proposal of a complete model where returns, volumes and durations are jointly described.
